Recent theoretical results on the behavior of high-frequency modes in two-dimensional incompressible turbulent flows are reported. These results show that high-frequency modes in the dissipation range are slaved to the low-frequency modes. The physical significance of the results is discussed, as well as its utilization for the numerical simulation of turbulent flows. 0 1995 American Institute of Physicx.
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Then it was shown' that any time-dependent tlow, however turbulent, tends very rapidly to a state where the highfrequency modes are slaved to the low-frequency modes. Namely, there exist some integer m and functions Qj, jam + 1, such that in the time asymptotic regime, rij(t)=cPj[til(t),...,Li,(t)], for all j&m+l, 
(called a manifold), which attracts all orbits in the (infinitedimensional) phase space is called here an Inertial Manifold (see Foias et al.3z4 Let k, = \& denote the wave number corresponding to the cutoff value m. Then the inertial manifold will describe the inertial regime if k, is inside the inertial range,
where kd is the Kraichnan cutoff wave number. The name "inertial manifolds" was introduced in Ref. 3 reflecting the hope that the answer to (i) might be positive. The rigorous estimate of k, given in Ref. 1, placing it in the dissipative range is a-sufficient but not necessary condition, and is thus too coarse to answer this question. This problem is open. A definitive answer could come from a more refined analysis, or from computational evidence, which would require following a number of modes larger than that feasible on present day computers.
Let us note, however, that Kraichnan has recently reported6 observing certain regimes, in three-dimensional turbulence, in which the high modes are slaved to the low I modes exactly as in (5), the slaved modes being, however, far up in the dissipation range.
In effect the concept of inertial manifolds allows us to proceed as if there was a separation of scales, while fully recognizing that this is, at best, a fiction in fully turbulent (high Reynolds number) flow. That the resulting asymptotic expansion approaches the real solution was demonstrated in Ref. 7 for flows in two dimensions. That result is readily extendable to two-dimensional (2-D) flows on a spherical surface of the type described here.
Other developments on the role of inertial manifolds in turbulence appear in Foias et al.8'9 (ii) Can such manifolds be used in Computational Fluid Mechanics for Direct Numerical Simulation of turbulence (DNS) or for Large Eddy Simulation (LES).
There is by now ample evidence that the utilization of inertial manifolds and their approximations (Approximate Inertial Manifolds, AIMS) force a separation of scales, which is helpful for the computation of turbulent flows. On choosing k, in the inertial range, reduction of computing time of about 50% can be obtained for DNS and even more for LES; see, e.g., Refs. lo-15. Also, unlike the more conventional approaches to turbulence modeling, the concept of inertial manifolds offers a rigorous means for determining a priori the bounds on the error committed for a given value of m.9
In fact, two algorithms have been developed that are based on the forced separation of scales and the utilization of AIMS. They are the nonlinear Gale&in method for spectral discretizations, and the incremental unknowns method for finite differences.
Consider the Navier-Stokes equations with forcing f, g-v Au+(u.V)u+Vp=f, A.u=O.
Expressing the pressure as a quadratic function of u and substituting for the pressure function, we reduce (7) to an equation involving u only:
Then, using the decomposition (3) of u, we see that (8) is equivalent to the coupled system for Y and Z,
!$Y Az+QB(Y+Z,Y+Z)=Q~.
Here P = P, and Q = Q, = I-P, are the projection operators onto the first m modes and onto the other modes, respectively. Simplification of (10) by omitting higher-order terms leads to an approximate relationship of the type (4). Then, on inserting in (9) the expression for Z in terms of Y, we obtain a new form of (9) that is reminiscent of the Reynoldsaveraged equations (or of the equations obtained by Renormalization Group Theory or Large Eddy Simulation):
An interesting difference between (11) and the Reynolds averaged equations is that m can be chosen so that Z is small in some sense, while this is not necessarily true when one considers fluctuations, u=ii+U'
(note that here Y plays the role of ii and Z that of u'). In particular, it can be argued that the quadratic terms PB(Z,Z) in (9) can be neglected, whiie this is not true with quadratic terms PB(u', u'), which are important.
Concerning the derivation of an approximate form of Eq. (4) (slaving of the high modes to the low modes), we observe that dZ/dt may not be small compared to the other terms in (lo), unless m is very large and k, far in the dissipation range. 7P8~12 However, it was argued13 on physical grounds that the net effect on the fine structures of the small eddies being convected by the large ones, represented by
is small, so that (10) yields an approximate form,
which, consistent with ignoring PB(Z,Z), can be further approximated to yield
hence, a relation like (4).
-Although the discussion started with flows on the surface of a sphere, it is important to notice that this approach can be extended to space periodic flows (homogeneous turbulence) or to wall bounded flows, such as the flows in a channel. Hence, for computations, depending on the size of m, we can reach DNS with (so far) an easy saving of 50% in computing; or, by reducing m, we can achieve LES with a much more important saving in computing time. This LES is furthermore available for nonhomogeneous flows; see the references quoted above and other papers to appear.'4,'5 A few words finally on incremental unknowns. When incremental unknowns (a new finite differences algorithm) are used they produce a decomposition between the smallscale and large-scale components of a flow as in (3) (remember that, when finite differences are used, all the nodal values play the same role; this is not the case anymore with incremental unknownsj. The incremental unknowns are also useful for data compression; see some introductory remarks and preliminary results in Ref. 16 .
Conclzrding Remarks. The increase in computing power provided by parallel computers will make accessible the computation of turbulent flows in some segments of the dissipation range. Numerical results of this type are already available in the literature, and it is likely that many more results will be produced in the near future.
The conventional theory of turbulence gives limited information on the structure of a turbulent flow in the dissipation range. Using the recently introduced concept of inertial manifolds, new results on the structure of some twodimensional turbulent flows have been derived, providing a slaving law for the high modes. In this Brief Communication we have discussed what can be learned from these results from a physical and a computational point of view.
The rigorous resuhs, limited as they are by the currently available methods of functional analysis, allow us to make precise statements only about slaving of modes in the dissipation range to the lower wave-number modes. That is shown in our Ref. 9. Those rigorous results are in the nature of sufticient conditions. We believe that, in fact, the necessary and sufficient conditions when eventually established will show that slaving occurs also in at least the upper wavenumber portion of the inertial range. 'Ihat is borne out in part by the existing numerical results quoted in the paper.
